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ABSTRACT < 

Discussed in this booklet are curricular experiments; 
methods for teaching concepts, principles, and skills; guided 
discovery strategies; programed text materials; computer-based 
instruction; and culturally disadvantaged students. Pertinent 
research results are included in the discussion of each topic. 
(DT) 
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In .sonic ea.ses a sequence oi prescript ion.s. which in cHect 
amounts to an alj^orithm. can be ju.stified by a .set of generalisa- 
tions, and the teacher presents this al^t^orithm in prescriptive 
Lm<4ua.ue. F'w'unples are the algorithm for reducing a common 
fraction to lower terms and tliat for synthetic division. 

The implication for behavior of a prescription or algorithm fs 
explirir: this is the pcdagoi^ical advantage of a prescription. In 
contrast, a slow learner may not know what to do after he has 
bee!i taught the correlative gencrali/ation. Hence prescriptions 
are useful in tc-achinu skills. However, exces.sive u.se of prescrip- 
tions, while producing students who are good mam'pnlators. will 
not produce students who have nmch depth of understanding. 

What .seems desirable is a judicious I)len(l of gcneralixations 
and prescription.s. In the present stage of the art of teaching, tl^e 
proper blend is a matter of judgment, rather than a formula 
dewloped fiom r(\seareh. 

Moves in Teaching Principles 

As in the case of teaching eoncept.s. wc can conceive of moves 
and strategies in teaching principh^s. When tapes of teachers 
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2.1 Giving instances. pro\*i(led the principle is a generaliza- 
tion, or 

2.5 Demonstrating applieaticni provtch^d the principle is a 
prescription. 

3. The principle is jn.stificd. that is, tlu* stndents are eonvhiced 
that the prineiple, if a generalizaticni, is trne or, if a preserii)- 
tion, will result in the c(nrect an.swer. If the i)rineii)le is n 
gencTalization. the teacluT — 

■3.1 FAhibits in.stances. each of which the students recognize 
as a trne statement. 

3.2 Challenges students to find a counterinstanc(\ with tluMr 
inability to find such i.iken as evidence that the gen- 
eralization is true*. 

3.3 Actually pro\*es the generalization if it is a tlu»or(Mn. 

3.4 Tells how the generalization, if it is a theorenu can he 
proved but does not i)rove it. Kxaiupic: "This theorem 
can be provc^d by induction." or 

3.5 Points out that the generalization is an axiom providc^d, 
of course, it is taken as an a.vioni in the (\vposition. 

If the principle is a pr(\scriplion, the teacher— 

3.6 Demonstrates (hat following the pre.seription attains the 
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TEACHING SECONDARY SCHOOL MATHEMATICS 

Tlu' findings of research on the tcnchinu of mathematics 
arc often eontrachctory. Many experiments arc inconclusive; 
generahzntions are often derived from an inadequate samphng 
or simply ;ire not warranted. In view of the i'oregoini^. many 
teachers conclude that the research f!ndinG;s have no implications 
for practice. Such teachers demand a si^nhle hcdy of evidence 
hefore hein,iiL>viHing to change their methods. 'I'hvy find much of 
the research in the teaching of mathematics not of such a nature 
as to cause tlu-m to question their existintz; heliefs. 

Other teachejs do not find the lack of conclusiveness oi' edi*- 
cational research so (lisconc(^rtinu. The vcr\" lack of conclusiveness 
places few constraints upon the teacher and leaves lum free to 
test hypotheses for himself, to find out what works for hinj. The 
interpretation of the results of research and their implications 
for practice, therefore, depend to a lari^e extent on the altitude 
of the person considering: the findings. 

CURRICULAR EXPERIMENTS 

Probably teachers are more aware of revisions in the matlie- 
maties curriculum than of changes in any other discipline. The 
same can he said of laymen, whose children cope with the new 
and unfanu'liar subject-matter. On occasion, these curricnlar 
development projects are .spoken of as experiments. This desig- 
nation is appropriate provided one realizes both the distinctive 
and restricted nature of such experiments. They amount to the 
(^\•(*rci.se of judgment in the .selection, organization, and exposition 
of subject matter. The cour.se resulting from this selection, orga- 
nization, and exposition is tried out in various schools and class- 
rooms, and the feedback afforded is used to revise and improve 
the course. The cycle is repeated until the authors or other 
deci.sion makers are satisfied with the product. 

One can cast curricnlar (».\periments into the form of sufficient 
or neccs.sary conditions. By far the most common experiment 
demonstrates that if a certain topic (or topics) or a certain 
course is taught in a certain grade, e.g., se\ enth, ninth, or twelfth, 
certain effects are obtained. Such studies can be regarded as 
feasibility studies. Usually the only effects studied are those on 
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s(ii(kMit.sw|i()\v H'sulily (lie stiuleiitK IcMrn (lu- itciiis of snhjVct 
Minttcr. how intcrt-.stcd (hey iirv in the topics, or how (hoy fare in 
subsajiuMit fnathcnnitic. courses. [Cither (h'rcctly or imh'rcclly. 
the (eachm* einliiation of (he expcritneutal snhjed matter is 
i)btainec!. Where positive resiHts are obtained. c.*f.. students do 
understand tb(» subject matter, these experiments can be rei^arded - 
;is existence proofs; then^ e\fets such and such a body of .subject 
matter which is hMrnabh^ by .students in such and .such a\;rade. 

There arc som(\^eneral conchisions which appear tenable from 
this kind of currieiihir research. Nfathemalics which f^mpbasi'/es 
the properties of certain mathematical structures, e.ii.. Hic in- 
U%m. the ratioiials. ihr reals, tin* complex numbers, convex 
sets under various transformations, and vect(jr;<, can be compre- 
hended l)\ secondary scIkjoI students.- Tlu^students can handle 
m(*re pr(»cise langua.^e and jxreat(T ri^or than was -assumed in 
the past. Topics previously placed in more advanc(»d courses 
can he learned in earlier courses. 

The -second kind of cmricular (»\perinenl attempts to demon- 
strate a necessary condition. Such an experiment demonstrates 
that under certain conditions not teachint^ the expciimcntal sub- 
ject matter will haw certain detrimental effect.s. such as difficultv 
in a subsequent a)ur.s(». Not much of this kind of curricular 
experimentation has been done on a .scale which would facilitate 
d(Tisions by teacher; about what content to .sel(»ct from madie- 
matics coMrs(\s. Yet this kind of ros(Mrch is as nece;;say as the 
former kind. The fornuT facilitates decisions alxMit what can 
he included: the latter facilitates deci.sions about what Can be 
excluded. .And with the* \ast amount of learnabk* mathematics 
availabh* for inclu.sion in the curricniuuu lu^Ip in decidintj what 
to <'linH'nate or not eljnu'nat(» is of considerable value to tlu» 
classroom tcMcher. 

Illustrative Curricular Experiments 

Most curricular experim(»nts hav(» accepted the (\\'istinji oriia- 
ni/atiou of ihr curriculunu v^iz.. alj^ebra in the ninth ijrade. 
5ieometry in the tenth, a second year of ali^ebra in the elevendi 
ijrade (In sonu* .schools in tlu- ea.stern part of the United States, 
i^eoinetry and the second aljijebra cour.se iiw interchani^ed. )* inid 
a semester of trii^onoiuetry and a seinest(M* of collei^t* ali^ebra 
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or newer iiit(»nr;i(e(I courses incliidinii ;iii;ilytif -^coinotrv niul 
eleincntnry functions in (he twelfth <ir;i(le. 

The School Mathenutics Stndv Cronp (SMSC^l h.is hirt£elv 
nccepted the convention;!] pattern and has son.i^ht to , prepare 
nptira(h*d texts for the existinii courses. SMSC has deveh^ped 
ahernatives. howe\er. A second ueonietry coinse. winch is an 
intoj^ration of synthetic nnd analytic irconictry and also of plane 
and solid ueonietry. is availahh*. For the twelfth tirade a semester 
course on eleu'ientary functions and one on matrix alii(*l)ra are 
provided. 

The University of Illinois C()mmittc(» on ScIkjoI > fat hematics 
( UICS\[ ) 1ms departed somewhat from the conventional pattern. 
The scope and sequence of the units in al^ehra and the nature of 
the «4comctry course mak(» these courses adaptable to the pattern 
of two consecutive year.s of aluehra fallowed by a year of neoin- 
etry. UICSM has developc^l a vect(>r iieoinetry course which is 
an alternative to the other geometry cours(», A text on fransfor- 
iiiational tjeometry presented from an inductive and intuitive 
point of view enables ciulith-<irad(» stnd(»nls to attain knowledge 
of soiiu* of the properties (»f <ie(mietric fiiiiires that are invariant 
under translations, rotations. rc{lections. and i^lide renecljons. 
A course designed for culturally disadvantaged students based 
(Ml the concept of fractions as stretchers or sbrinkers appears- 
successful for teaching such students mathematics tbev soinebow 
have not acquired befon*. 

The second kind of ciirricular e.xperiiiientation does not-tiec- - 
essarily accept tho prcvailim4 cnrricular pattern, i.e.. division of 
ihc subject matter of mathematics into aritliinetic. nluebra. 
geoin(»try, and analysis, and placement of tbes(» subjects in grades 
7 through 12 in the secpience .stated. Rather, the approach is to 
inteyrate some of each branch of mathematics into each years 
course. A student who lcav(»s thi.sj»'(»(|ueiice of courses at souk* 
point then h;.s some knowledge alxnit each branch. The in- 
tegration of the branches is atlain(»d by dealing with iinp(»rtant 
general concepts, e.g.. set. mapping, relation, and function. An 
evperinient which seeks to a.ssess tlu» elficaey of this approach 
is the Secondary School Matbeinalics Cnrriculnm Improv(»nient 
Study (SSMCIS) centered at Teacliers College. Columbia Uni- ' 
versity. and direcl(»d by Ibmard F. Fehr. 
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Conclusions of Curricular Experiments 

What cnn he concluded from ihc recent, cxlcnsi'vc cnrn'cidnr 
research? SlndeiUs learii the niatheniali'cs thai I's laiinht I'irdie 
new courses; .some learn more than ollierK. The liradnales- of 
schools usi'n<4 the new courses do as \v(»ll I'n collcj^e as uradnales 
from older courses. They do as well on standardized tests, even 
lhou<4h some of the standardized tests arc not valid mstniments 
for ineasnn'n;4 achievement I'n the newer courses. Not unexpectedly, 
soiiu* students enjoy the iipiiraded courses; .some do not 

Some of thv early expeii'nientati'on emphnsi'/ed structure and 
deeinpliasi'zed practice I'n transforming expressions. This was 
done 111 the heh'ef that as understandi'n,<x of the proj)erti'es of 
relations. and operations over a .set of niiinhcrs. e.i^.. the rati'onals 
er reals, j^rows. .skill I'n manipulations and the ii.se of alo<in'thms 
will irrow concomitantly. The findi'ni^s indicate that tin's heh'ef 
i's not tenahle. If students are not provided j)racti'ce — drill, I'f 
01 cares to use tiie term — they do not aa|ui'rc, speed and ac- 
ci acy I'n the inani'pulati'on and use of algorithms. 

A tenahle conclusion is that some amhit^uity and equivocation 
in the use of certain terms is not particularly detrimental to 
learning. For example, in the initial exuberance for nieticuloiTs- 
iie>s in distingiii.shing hetweeu munhers. nun ^rals, and-copics^of 
n snerals. .some theoreticians contended tlKir('qui\'^c)c;Tiroi) woiild 
ct uh\sv tlu» students. The facts do not .support this contention. 

r.iially. we need to hear in mind that the experiments which 
d(Mions|rate that students can learn the mathematics taught do 
IK/ cemonstrate that this mathematics should he taught. That cer- 
tai I subject inattcT in mathematics is leaniable is a necessary con- 
dit on for its .selection. j;ut it is u<Jt a sufficient condition. There 
arc other grounds and values which must influeiice the selection. 
Th ".ic iirv either explicit or implicit in the minds of (ho.se — 
priiicipallv mathematicians — who make the .selection. Cla.ssroom 
teac!iers, and laymen, too. will do well lo insist that the.se 
groiMds and values be subjected to continual appraisal and 
revi'j .on where* necessary. 

TEACHING CONCEPTS 

\\V now pa.s to a consid(Tation of the findings of research on 
an avlivity in which madiematics teachers .spend niost of their 
iiistnietional fime — the teaching of concepts. 



It is difficult to distinijuisli bctwccMi tcacliiiiu ;i concept and 
tcachinu the nie;nn'n<i of a tcnn or expression wliicli desimialcs 
the concept. A teacher does about thi same thinir when he 
teaches the concept of an elhpse, for example, as when he ieaelie.s 
what the t(Tni ellipse means. Ilenee it is not profitable peda- 
iiogically to distiniinisli between iUac two ;Kti\ itie.s. -\ concept 
will b(» re.narded as the meaninu of a term. 



General Methods 

In general, then* an» thn»e ways (o leaeli a concept. Snppose 
a teacher wants to teach the concept of an ellipsi. He can state 
the characteristics or properties of an ellip.se. Or he can t^ive ex- 
amples and nonexamples of ellipses by drawing or showing 
representations or nonrcpre.sentations. In both cases he is nsin<i 
the object lan*iua*i;e, that is, he is using the term ellipse to talk 
abont ellip.scA — what their properties are or whi'^h pprticnlar 
object.s are or aie not (*llipses. Finally, he can talk abont the 
term ellipse itself; he can define the term. In this case he is nsinu 
the metalangnage. To refer to these three wavs of t(»acliin<i a 
concept, we shall use the terms elwrocterizdtiou, cxctupUficaiiou, 
and (Icfiniiion respectively. When a teacher is teaching a concept 
by .stating t!it characteristics or properties an object nni.st liav(* 
to be referred to by the term designating the concept, he is 
teaching the concept by characleriz;ition. When he givcN ex- 
amples or uone.xamples but does not tell why they are examples 
or none.xaniples, he is teaching the concept by e.xenij)Iification. 
When be stipulates how the term designating the concept is to 
be nsed, li(» is teaching the concept by definition. 

An example may serve to clarify these three ways of teaching 
a concept. Con.sider the concept of a rational number. If a 
teacher say.s that a rational nuinl)(*r is the quotient of two integers 
a/1) where h^4), he is characterizing a rational number. So also 
would he if he said, ''.All the positive number.s — positive in- 
tegers and fractions — and their opposites and zero make np the 
.set of rational numbers. " Or if he .said, "Every tenniuatiiig 
decimal is a rational munber.'* 11ie rational numbers can be 
characterized in differcwit ways and with varying pieciseness. 

If the teacher .said. -2, f-'^,, X ^ n +22.8. 

-*'16.95. and —0.013 ave all ratimal innnhers," he would be eni- 



ploying cxcinplification. The pnrti'cDhu' examples he dujo^es may 
be immaterial so lonn as he samples jiidieionsly from anionii the 
sii^nificant subsets. 

If he i^ives an explicit rule for using the term rational number, 
for example. '"Ff a and h ^ 0 are integers, the quotient n/h is 
called a rational number^ he is defining the term rational num- 
ber. As i)i tlic ease of eharacterizahon. di iFerent definitions vary- 
ing in form, snhstanee, and precision are possible. 

Moves in Teaching Concepts 

.Analysis of tapes of teaeliers teach in<; mathematics reveals 
various moves the teachers employ when teaching concepts by 
eharacteri/atiou.* ' 

1. The teacher gives a single characteristic which may be^ — 
1.1 A sufficient condition. Example: "If all tlic sides of a 

polvgon are congruent, the polvgon is EQUIL.AT- 
EHAL." 

1-2 A necessary condition. Example: "If i\ natural number is 
divisible by some natural numlKM- other than itself and 
I. it is not a PHIMIJ NUMBEHV" or 

1.3 A necessary and sufficient condition. Example: "A sys- 
tem of linear equations is a CCW^SISTKNT SYSTENi' if 
and only if its solution .set is not the onpty .set/* 

2. The teacher classifies, in which he CMUploys the .sul)set (or 
superset) relation, l^xample: **A TH.APEZOI!) is a qiradri- 
lateral.** 

3. The teacher identifies. Example: PARALKELOGHAM is 
a quadrilateral whose opposite* .sides are parallel.'' 

4. The teacher analyzes, in which he employs the partition 
relation and names ()ne or more of the prop(*r sub.sets of the 
set determined by the concept.. /'J.\y///i/)/c: "Circles, ellipses, 
parabolas, and hyperbolas are CONIC SECTIONS/* 

5. The teacher employs analogy in which — 

5.1 The bas's of the analogy is stated. Example: "PRECED- 
ING is like being greater than in that both are order 
relations " or 



* In the e\aniple*J thai follow, the concept lu'inji tati^ht appears in capital 
letter^;. 
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5.2 Tlu» basis of (ho anilogv is not ,statt»(l. Example: "A 
PAHAMETim is like a varinhk* " 

0. The teacher employs (lifl'orentiation in which — 

6.1 The basis' of the difference is stated. Exoh.plc. "CON- 
GRUENCE is not the same as equality, in tha the latter 
implies identity of the objects eqnaled and t»ie former 
does not." or 

6.2 The basi-S of the difference is nut stated. Exninplc: "\ 
NUMEH.AL is not the .same as the imniber it stands for. 

Upon reflection, it hecomcs apparent that some of these moves 
theoretically are more productive of precise concepts than others. 
TheihtACSof necessary and sufficient condition and identification 
(which differ only in form) lead to precise concepts, a.ssuminji, 
of course, that the students understand the sentences used. The 
move of analysis, provided the complete partition is given, is a 
precise move. On the other hand, the moves of analogy and dif- 
ferentiation, particularly where thcrbasis of the analogy or differ- 
ence is not stated, are not conducive to precise concepts. FIow- 
"ver, these moves may he effective psychologically, particularly 
w!'en they are initial moves in a sequence of moves. 

The analysis of tapes of teachers teaching mathematics rev(Mls 
that when they employ exemplification, the following moves can 
be identified: 

1. The teacher gives one or more examples which^ — 

LI May not be accompanied by the reason why it or they 
are examples. Exattiph: *The numbers 2, — I, and 
in 2k\ -^41)^ and '.t are NUMERICAL COEFFI- 
' CIKNTS." or 

L2 May be accompanied by the reason whv it or thcv are 
examples. Example: 'V2is ar, IRRATIONAL NUMBER 
because it is not equal to the quotient of two integers.*^ 

2. The teacher gives one or more noncxamples which, as in the 
case of examples — 
2.1 May not be accompanied 

l)y the reason why it or 
they are not examples. E.v- 
'The polygon at the 
right is not a REGULAR 
POLYGON." or 

9 




2.2 Ma>' be accompanied by 
tho reason why it or tliey 
are not examples. Exam- 
ple: *Thc polygon at the 
right is not a REGULAR 
POLYGON because it is 




not equiangular.'* 

3. The teacher gives a counterexample to correct a misconcex)- 
tion a student has, as, for example, in the following'-dia- 
logue: 

7'; Who can tell us what a linear function is? 

S: It s a function whose graph is a sub.set of a .straight line. 

T: Lsthcgraphofx = 6 a straight line? 

S: Yes. 

T: Describe the position of the graph, 
S: rt\s a straight line parallel to the y-axis whose x-intercept 
is +6. 

T: Right. (Draws a representation of the graph on the 

chalkboard,) If x = 6. what is die value of y? 
S; Its undetermined. 
T: Ifx^6,cany=; J? 
S: Yes. 

T: Can y equal +3, +10? 
S: Yes; y can be any number. 

T: Then does x=:6. whose graph is a straight line, deter- 
mine a function? 
S; Well, I guess not. 

T: Want to revise your concept of a linear function? What is 
a linear function? 

4. The teacher .specifies (lists) all the objects named by die • 
term designating the concept. Example: ''The UNITS MOST 
FREQUENTLY USED IN MEASURING LENGTH IN 
THE UNITED vSTATES are the inch, foot, yard, and mile." 

As in the case of characterization moves, some exemplification 
moves are more effective in teaching a concept dian others. 
Theoretically the mere giving of examples is not sufficient to teach 
a precise concept. But in practice, it is foimd that students seem 
to induce the proper set of sufficient conditions, and the concept 
they attain is satisfactory for practical purposes. Accompanying 
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e.\ainplc\s with the reason why they are examples, ot course, makes 
the suffieient condition exph'cit. Sueh a move would be used by a 
teacher if he felt the students might not induce the correct suffi- 
cient condition. 

To be sure,j\velusive use of nonexamples is futile, lixhibiting 
Polygons which are not regular polygons will nevj*' teach a stu- 
dent what U regular polygon is. Nonexamples are most effec- 
tively used in conjunction with examples to make apparent a 
necessary condition. In this case, an observation analogous to that 
made about the use of examples can be made. Giving a non- 
e.vample without the reason why it is a nonexample leaves the 
burden of induction (discovery) on the student; supplying the 
reason makes the necessary condition exj^licit. The teacher s judg- 
jueufc must deternnnc whether or not the reason .should be sup- 
plied or elicited by questioning.^ 

A specification, move necessarily results in a precise concept, 
provided the student can remember all the members in the set 
dcternnncd by the concept. If a teacher teaches the concept of 
truth value by saying, "There are two truHi values: true and 
false/' the concept is precise, since the complete denotation of 
the term is given. 

We now turn to definitional moves, as identified by analyses 
of tapes and textbooks. Modern logicians regard definition as an 
operation performed on terms; we define terms but not objects 
which are not terms. For example, we define the term rectangle, 
but describe or characterize a rectangle: It follows that when 
defining we have to talk about the term being defined — indicate 
what it is to mean or other expressions to which it is to be 
synonymous. (To show clearly that we are talking about a term 
rather than about what the term denotes, we use the conventions 
of eitlier setting the term in Italics or enclosing it in quotation 
mark.s.) Thus the following are definitions: 

By vecfor we mean an ( rdered n-tuple of real numbers. . 

An equilateral parallelogram is called a rhomhm. 

\ polynonnal is called a binomial if and only if i'c has just tvvo 

terms. 

Because of the difference in logic, ii is u.seful to distinguish be- 
tween two kinds of definition: stipulated and reported definitions. 
(Some writers .speak of the.se respectively as nominal and hwical 



n 



definitions.) Both definitions may hiive the snme Form; it is thcM'r 
use which serves to distinguish them. A stipulated definition is 
used to intro(Uice into the language a new term, usually a shorter 
term, as a replacement for a longer term.^For example: 

We shall denote a quadrilateral having a pair of parallel sides 
hy the term trapezoid. 

is clearly stipulativc; b definition introduces the short expres- 
sion trapezoid and stipulates that it means the same as the 
longer expression, quadrdateral having a pair of parallel sides. 
Either expression can be replaced by the other in any sentence. 
Conceivably, there can be an expression other than trapezoid to 
denote a quadrilateral having a pair of parallel sides. 

It follows that a stipulated definition is a directive and does 
not have a truth value; one cannot say "true" or "false* or "cor- 
rect" or "incorrect" to a stipulated definition. Logically, one could 
propo^'e a different definition, e.g., "trapezoid" Irould be used to 
refer to a (quadrilateral having only one pair of parallel sides, 
and no one could say either definition was right or wrong. 

A reported definition is a report of how, in fact, a term is used. 
Ilcncc a reported definition has a truth value. If it is a correct 
report, it is true; if it is an incorrect report, it is false. It follows 
that reported definitions logically can be items in a true-false 
test; stipulated definitions cannot. 

Tapes of classroom teaching reveal that teachers use defini- 
tional moves in teaching concepts only infrequently; they eschew 
the metalanguage and utilize the object language. Textbooks, 
however, frequently use definitional moves; the more formal and 
ngordus the exposition, the more definitional moves are used. 
About the only use of a stipulated definitional move fomid from 
observations of classroom teaching occurs when a teacher en- 
courages his .students to invent a name to refer to .some mathemati- 
cal object they have identified. 

Strategies in Teaching Concepts 

As might be expected, it is found that when teachers teach 
concepts they (!o not restrict tlu mselves to one move; they u.se a 
sequence of moves. Let us call a"se(|ucnce of moves a straie^tj. 
A frequently u.sed strategy is an identification move or its metalin- 
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«4Ui.stic coiTchitf, a definition, lollowTd hy one or more exempli- 
fication moves. The reverse secjncncc, examples followed by an 
identification, is also nsed. One can conceive of many stratejiic'? 
by listing all the permutations of the moves. 

So far not enough rcsearcluhas been done to indicate under 
which conditions various stratei^ies tc effective. One nnght con- 
jecture that the intellectual aptitude of the student what he may 
already know about the concept, the nature of the concept, its 
significance in the structure of other mathematical concepts, and 
the level of performance the teacher wants to develop are factors^ 
which a teacher would consider in choosing among the strategies 
available. For slow learning students, on** might expect a longer 
sequence with stress on exemplification moves. For fast learners, 
one might expect shorter sequences with more recourse to char- 
acterization moves. If the concept is important; i.e„ it will be 
used to build many other concepts, the teacher probably will_„ 
select a strategy^ which will ensure a precise concept. Finally, 
other things beiiig^equal, the teacher may want to use different 
strategies if for no other rcnison than to provide variety in his 
teaching. 

TEACHING PRINCIPLES 

The term principle is usually used to denote a^generalizaUpii — 
other than an existential generali/ation. or a prescription. For 
example, we speak of the distributive principle of multiplication 
over addition and the principle of mathematical induction, both 
of which are generalizations: all their variables are universally 
quantified. We also speak of the principle of the density of die 
rationals. Although one of the variables in this generali/ation is 
existentially (piantified. the others are universally (piantified. 

From a true generali/ation a teacher can, if he wishes, formu- 
late a prescription for how a student should proceed to attain 
[ho desired result. For example, from the generali/ntion, 

For all real numbers .v anc^Uy V^O and each positive* rational 
number n, (\/y)"r=: .\'7y", 

a teacher can formulate tlie prescription: 

To raise a common fraction to a power* raise both the numera- 
tor and the denonnnator to the power. 
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to assume tliat it iiinsl be true, otherwise tlu* leaclier or textbook 
would not present it. Similarly, teacbers infretjuently explicitly 
justify a prescription or algorithm. Flowcver. if an instantial 
move (move 2.4) or a demonstration move (move 2.5) is u.sed 
to clarify the principle, one can argue that snch moves simul- 
taneously clarify and justify the principle. 

If the statement move is not the first move but appears, if it 
appears at all. near the end of the sequence, with instantial 
moves or demonstration moves as the initial moves. wcPmay 
regard the strategy as a guided discovery strafe^iy. Typically, if 
the principle is a generalization, the teacher presents instances of 
the generalization (The students do not know what the gen- 
eralization in question is.) and guides the students by qfiestions 
or suggestions into inducing (discovering) the genera liziiti'on. In 
other words, if the principle is a prescription or algorithm, the 
teacher demonstrates how several problems arc solved and seeks 
to educe the statement of the principle or algorithm (move 1.3), 
Application moves then follow. 

GUIDED DISCOVERY STRATEGIES 

Enough research has been done on guided discovery to war- 
rant special consideration. Moreover, there are few topics in 
pedagogical theory of teaching mathematics for which greater 
enthusiasm in speeches and in writing exists than for gtn'ded 
discovery. Enthusiasm for gtn'ded di.scovery is even greater in 
mathematics than in the nattiral sciences. Moreover, this en- 
thusiasm has been maintained for 35 years or more. Belief in 
the elficacy of the discovery method of teaching is for some 
theoreticians so i)rofound that the\' appear not to want to be 
confused by facts. 

What is the argument for the clfectiveness of teaching by 
guided discovery? It is argued that the student is involved in the* 
learning and, therefore, manifests greater attention and thought. 
The thrill of discovery is used to explain the retention and trans- 
ferability of the knowledge learned. In learning by discovery, 
the student improves In's ability to .solve problems. Being in- 
trinsically motivated, the thrill of discovery sustains the motiva- 
tion and students arc less dis]>o.se(l to badger the teacher con- 
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c'cniing the praclicahilily of the knowledge diseovered. By learn- 
ing the hciiri.slics of diseovery, a student can eontinue his 
, education after he has left the guidance of a teacher. 

Finally, it is claimed that with guided discovery hased on 
inchiction. it is not possible to go too fast for the student. When 
a student fails to make the (hscovcry. that is. docs not see the 
pattern admi.st the differences, th^ t(*acher needs to supply more 
examples or instances or make the examples or instances niore 
alike. In the conventional method of exposition, an many teachers 
know, it is ca.sy to go too fast for the students. 

There, are, however, arguments against the method of guided 
discovery. It is a fact that many children are greatly threatened 
l)\" having to e.xert the necessary cognitive effort to make a dis- 
covery. They often give up and wait for the discovery to he 
verbalized either by the teacher or by another student. Di.scowry 
is time-consuming and hence may not be an efficient way of 
teaching. Further, the argument maintains that one must learn 
to comprehend much of his culture, as* well as learn to discovcM" 
new knowledge and solve problems. To accentuate the latter at 
the expense of the former is to be carried away by the charisma 
of only one particular style of learning. So g(xjs the argument 
against guided discovery. 

What docs research have to .say about teaching and learning 
by guided disc( veiy? It may serve to quote from three scholars 
who have niad<* inten.sive studies of the research hearing on 
these topics. \*jttrock (21, p. 33)** say.s, "Many strong claims 
for learning by discovery are made in educational p.sychology. 
But almost none of these claims has been empirically .sustantiated 
or even clearly tested in an experiment.'* Cronhacb (3. p. 76) 
has drawn a sinn'lar conclusion: '*In spite of the confident en- 
dorsements we read in popular discour.ses of learning by dis- 
covery, there is precious little* sub.stantiatcd knowledge about 
what advantages it offers, under what ccmditions the advantages 
accrue." Perhaps it is on the busis of such conclusions and others 
of a similar vein that Gla.st*r (7, p, 23) reaches the conclusion 
that "Since we know .so little about it. one can .say anything and 
enjoy bis own .speculations without the constraints of knowledge.'' 

• Numbers in parcntlicscs identify Selected Reference;* listed on V'Agos 
31-32. 
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Suggestions for Using Guided Discovery 

But is there no guidance to be obtained {n-m the existing 
resenrch? No, this* is not the case. One can safely conchide that 
for a particular teacher— a skillful practitioner— guided dis- 
covery is an effective way of teaching that subject matter which 
lends itself to this approach. In the hands of a poor practitioner 
it is likely to be no more efFecti\ e than is the expository method 
in the hands of a poor practitioner of that method. 

Certainly guided discovery can be as mechanical as expository 
teaching: For e.vample. suppose the students understand the 
concepts of a variable, an open .sentence, a closed .sentence, and 
logical (|uantificrs (whetlier phrased in English or in abbreviated 
notation) and arc aj)le to replace a constant by a variable and to 
appond quantifiers *to an open sentence. Then guided discovery 
can be quite mechanical. The students are simply taught to re- 
place the constants' in a true statement by variables and quantify 
them over such a domain as to make the quantified statement 
true. Such a procedure requires very little thinking and the "dis- 
covered" generalization is readily formed. 

In the hands- of a poor practitioner, students can be called upon 
to make conjectures and verhali/e their discoveries before they 
are ready to do this. Moreover, closure can be^seciued on the 
discover)' before a .significant number of students in the class 
have made the discovery.. Fn such a case, for the students who 
have not made the discovery the teaching reverts to telling, the 
telling being done by whoever verbalizes the discovery. 

Using guided diseo\'ery on occasions and where appropriate 
has the advantage of providing \'ariety in instruction. Discover- 
ing is exciting for many students, and a change to tins method 
probably would be welr-omcd. 

Theoretically, giu'ded discovery is appropriate for some* items 
of knowledge, but not for others. A generalization not definitional 
in nature can be taught by guided discovery. The teacher knows 
what generalization ho wants to teach, hence he can i)re.vent a 
sequence of instances of the generalization sufficiently varied as 
to help students identify the domain over which the generaliza- 
tion can be made. By usmi; the move of counterexample to 
correct any false generalizations the student may have reached, 
the teacher can guide the students, or most of them at least, to 
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iiulnco the gciieralixiUion of whidi each of thi- true MateuuMits 
the .students have considered is an instance. 

Logically, it is not pos.sible to (h'.scovcr a stipolated definition. 
Such definitions are (;real/»d. not (h'.scovered. How ever, considera- 
..- '-v£-'* ''tiq^u of defiiMtion.s can lead .students to discover how people use 
. "^Mij^ gc since definitions- reveal how people do. in fact, u.se 
" ^ ^'V-^T^f^^MB^^- ^" i^'^ort. reported definitions can he discovered: 
y Ki^'-'^ffiiiod definitions cannot. 

Although it is possible to teach c'Micept.s hy discoverv, such 
practice* IS- inefficient. A concept can he taught quite satisfactorily 
hy exposition in such a way that. students gain a clear conipre- 
hension of it and do so more expeditiously than hy the method 
of guided discovery. 

As- was pointed out earlier in this* section, guided discoverv is 
effective and appropriate for some students. Students who 'scv 
relationships readily, are able to ah.stract. and have faejjity with 
haiguagc should be able to learn readily by discovery. Students 
who arc not able in these intellectual processes will have diffi- 
euKy with guided discovery and may experience no more satis- 
faction with this method of instruction than with an expository 
method. Students who are insecure, have short attention spans, 
and are not persistent have been known to give up easily and 
•simply to waste time until someone else verbalixes the discovery. 

Cronbach (3) has offered the eonjectun* that some experience 
in discovering principles will provide a student new insiglit into 
the nature of knowledge and how new knowledge is established. 
, It will also alter his conception of how a person copes with solv- 
ing problems. He continues his conjecture by opining that these 
objectives may be realized hy devoting only part of the instruc- 
tional tunc to induetive procedures. 

ICxpanding on Cronbaehs conjecture, theoretically an insiglit- 
ful teaching procedure would be to use guided discovery to 
enable .students to form conjectures. If these conjccture.s' caii be 
l)ro\'ed, they-becomc theorems. If they are disproved, say by 
finding a counterexan^ple, it might become possible to restrict 
th(* domain over which the generalixation is made, thereby ob- 
taining a new eonjectur(^ This conjecture then is subject to proof. 
Such a procedure should provide considerable insight as to how 
a mathenuUician oiK-rates and how. in part. mathematici> is ex- 
1 tended and developed. 



Most teachers are aware that skill hi (|uestioiiiii<4 enhances the 
effectiveness of* i^nided (h'scovery. Socrates is the putative 
progenitor of the method of (|uestioning whereby the learner 
is enahlud to discover whether a statement is trnc or false by 
following the sequence of qncstfons put to him by a teacher. 
One nn'i^ht extend this' techm'qiie and speak of it as dialectical 
(liahgue. It is dialectical because the questions are based on a 
logical approach. This is not to imply that the questioner ignores 
the individual— what he knows, how he reacts, and what be 
seein.s able to comprehend. But the pattern of enabling the stu- 
dent to realize whether a statement is true or false necessarily 
has a logical dimension. CcrtainK *:ill in dialectical dialogue is 
Icarnable; we have many examples of teachers who become* 
increasingly proficient in its use. Whether or not it is teachable 
is questionable. It is doubtful that we have .sufficient knowledge 
about tin's technique that we can by teaching such knowledge 
enable a teacher to build .such .skill. Presently, the .skill or art is 
developed by practice and by receiving suggestions and practi- 
tioners ma.vims from a .supervisor. 

Of these practitioner's maxims, there seem to be a few which 
are useful to a teacher who seeks to teach by guided discovery. 
One is to make .sure that students have a clear understanding of 
their objective — the ta.sk they are to accomplish. This providers 
focus and enables them to .sec the relation between the various 
ta.sks in the .sequence they consider. 

Another valuable maxim is to make .sure that .students test their 
conjectures for themselves. If a teacher is not careful, he may by 
facial expressi(*n or tone of voice imply that the conjecture is. 
true, if it is true, or fal.se, if it is false. The .students then tune to 
the instructor, rather than to the data which may be available 
to them. 

The final in:*Aim concerns pacing. If a .student appears to be 
having trouble either in fornn'ng n conjecture or testing his con- 
jecture, it is often helpful lor the teacher to po.se simpler 
insfaiict^'. such that the analogy is more readily S(»en. This may 
be done by restricting the donniin over which the generalization 
is to hold. It may al.so be done by having the student form a 
table of data .so that c»omparison and contrast are facilitated and 
the analogy more readily apprehended. 
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TEACHING MATHEMATICAL SKILLS 



•Tcnclicrs recognr/.c that not ouW shoiiKl .sliulcnts learn con- 
cepts and principles, bnt llicy slionid also learn to compute and 
manipulate algebraic symbols. The concepts and principles pro- 
vide the understanding win'cli is the cognitive basis for the skills 
of computation and manipulation. 

Under the impact of the psychology of operant conditioning, 
it was believed that drill was the sufficient condition for develop- 
ing skill. Students were given a set of prescriptions which they 
memorized and practiced. Little attempt, if any, was made to 
show liow the prescriptions were justified by theorems or postu- 
lates. The students learned that if they followed the prescriptions 
they got the right answer. 

When the driH approach was found wanting (The students 
forgot how to perform the operations once the drill ceased.), 
the point of view shifted to a belief that understanding must 
l)rec^de skills. Hence students were taught the "why" before 
they were taught the **how.'* In some cases the faith in under- 
standing was so strong that insufficient practice was provided 
the students. 

Research evidence does not support the belief that for sfudents 
to develop and retain a skill they must be taught the mathe- 
matical justification of an algorithm before they practice the 
algorithm. It does not even support the belief that students 
nnist understand an algorithuK in the sense of being able to 
e.vplain its mathematical basis, for them to develop skill in using 
it, provided they continue to use it.. We find, for example, some 
elementary teachers who can divide one rational number by 
anotl^er with speed and accuracy without knowing the mathe- 
matical basis for the algorithm they use. 

But if nn operation is not continually used, it appears that 
understanding the operation aids in its retention. For example, 
after a long period of not perfonning the operation of finding 
square roots the student who understands the^concei)t of a 
square root of a positive rational number is more likely to be 
able to find a rational approxinnition of a square root than the 
student who once learned the conventional algorithm and de- 
veloped skill in using it but never understood it. With the under- 
standing that if y is a positive number and .\x s\ x is a square 
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root of y. he c:mi guess at a factor of y, y hy that factor 

and sec whether the (inotitNit is the same as x. Jf not, guided In- 
the di{fcr(»nec between the two factois he can guess at a second 
apiMoximalion. repiMt the process, and iiHiniatcly find an approxi- 
mation of the square root to whatever acciiracy is desired. 
Similarly, if a student knows what the notation (x -f- y)(2x - 5) 
means and knows the distributive property of nudtiphcation 
over addition, he can compute the product even if he has for- 
gotten an elegant algorithm be was once taught. 

Suggestions for Teaching Skills 

In teaching Tskills, there appear to be some principles which 
can be justified by evidence. One is that whereas practice— drill 
—is a necessary comhtioivin le-irning a skill, itjs not a sufficient 
condition. One can practice wrong movers as well as-^ight moves. 
There is ni.lbing magic about practice; the practice mu.st be in 
accordance with certain contbtions. 

Practice will l)e most effective when the student wants to im- 
prove, This principk» is an instance of the more general principle 
of motivation. The student must be convinced that the end is 
worth the means; diat the skill he seeks to (k'vebp is worth the 
chill he must accept. Teachers fan str(Migthen the desire to 
acquire a skill by pointing out the u.sefulnes^- of the skill. 

As.sunung that a teacher allocates a certain amount of time for 
practicing an algorithm, tlie practice time will be most effective 
if it is expended in periods spaced out over a week or more than 
if it is expended all at once. Hie shorter periods sustain interest 
^md avoid fatigue and boredom. Some theorists even .speculate 
that there is latent learning during the intervals when the 
algorithm is not being practiced. 

Practice is more effective when the student is kept aware of his 
progress and in^j)rovement. This jMincipIe is an instance of the 
more general principle that learning is more effective when the 
student lias immediate knowledge of die results of his actions. 
Knowledge of improvement is itself a motivating factor as well 
as a basis for self-diagnosis and self-remediation. 

In keeping wiHi the principle of individualization of instruc- 
tion, practice should be differentiiited in terms of the needs mani- 
fested by different studtMits. Some students need more practice* 
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at a time tlian otlicr.s; some need review more tlian otheis. A 
minimiim amount of praetiee is essential: tliereafter for any 
stndent the teaelier s judgment sliould dietate the kind, amount, 
and frequeney of praetiee. 

Praetiee should be subjeet to the observation and criticism of 
tlie teaelier. When a teacher assigns practice exercises, he should 
not e.\pect as much improvement if lie does not observe at least 
some of the exercise sessions as if he observes the students at 
work and olfers suggestions and praise for improvement where 
appropriate. 

The issue of whether or not students should be permitted to 
use "crutches.'' for example, writing a numeral at the top of a 
column when "carrying" in a(kb'ng, or writing the decomposi- 
tion of digits when "borrowing ' in subtracting, seems to reflec-t 
a value judgment a teacher bas to n;ake for himself. Some teach- 
ers feels that "crutches * are inelegant and should be (bscouraged. 
Others see nothing wrong with a student using any "'eruteh" he 
finds helpful. Perhaps there is a tenable middle position. The 
primary objective is accuracy. If a student cannot attain accuracy 
without using a "crutch," he should be pennitted to u.se it. His 
span of attention is insufficient to enable him to work otherwise. 
Elegance is less important tban accuracy and absence of frustra- 
tion. 

PROGRAMED TEXT MATERIALS 

We now turn to another topic on whicb, like guided discovery, 
therr has been much' research, namely, learning by means of 
programed texts. Programed text materials have had an interest- 
ing history. Scarcely any pedagogical pbenomenon has experi- 
enced so much initial enthusiasm and subsequent waning of this 
enthusiasm in such a siiort period of time as programed text 
materials. There continue to remain, however, enthusiastic pro- 
ponents who would have us believe that programed text mate- 
rials (and, more generally, programed instruction) are the 
solution to many of the problems of our present educational 
processes^ Those regarding programed text 'naterials with a 
jaundiced eye see this pedagogical medium as providing some 
assistance but having several concomitant undesirable aspects. 

Since the initial entluisia.sm for programed text materials, 
there have been several variations on tbe initial programs de- 
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vclopcd. I'hcse vanons adaptations' have hecMi employed for 
programing the acquisition 7)f knowledge in most academic sub- 
jects, mathematics being the most conmion. There are several 
reasons for the popularity of programed text materials in mathe- 
matics. For one reason, the concepts in matlicmatics are precise 
and the generalizations hold over a well-defined domain. For 
another reason, there is considerably more notation in mathe- 
matics than in any othc" subject, and the learning of notation c.:*^ 
be easily taught bv programed text materials. As a third reason, 
the deductive nature of mathematics makes secjuencing of the 
frames in programeci text materials easier than for other subjects. 
Finally, examples of concepts and instances of generalizations 
are readily obtained and the implications of theory for the solu- 
tion of problems is clearer than for any other subject 

Findings from Resedrtdh 

What conclusions can be drawn from the research on the u.se 
of programed texts? One conclusion is that students do learn from 
programed texts. So^nc students learn more than others. How- 
ever, there is no conclusive evidence that students either learn 
significantly more knowledge, actpiire it with greater efficiency, 
or rcac)\ more depth in imderstanding. 

Programed texts can produce imderstanding as well as know^l- 
edgc. However, knowledge and imderstanding at higher in- 
tellectual levels arc not particularly .suitable for programed learn- 
ing. For example, although programed materials can enable the 
student to understand a particular proof, they are not as successful 
in teaching hinj how to construct a proof. Programed text materials 
arc not very successful in teaching the intellectual skills of analysis, 
synthesis, and evaluation. 

Programed text materials are efi^eclive for .some students but 
not for others. For highly motivated students and students who 
learn quickly programed texts can be useful. For students who 
arc somewhat bored with the conventional style of teaching, the 
noveltv effect of programed text may sustain interest at least for 
a period of time. "Particularly is this the case for students who 
have experienced lack of success in the convcnti(mal style of 
teaching: a change to a different mode may be therapeutic. 
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Programed text materials can be used to supplement the con- 
ventional instruction i^uided by a textbook. If a student does 
not understand tin* presentation njade either by the teacher or 
by the conventional text he can tuin to a programed text for 
fuither clarification. The careful pacing of programed texts may 
make it easicT for some students to follow the exposition. 

It has been pointed out that programed texts can be effectively 
used by .students who tran.sfer into a course and find themselves 
out of step with what is beirg taught. A programed text will 
enable them to catch up with less direction on the part of the 
teacher than if a conventional text is used. How able the student 
will be to .solve problems u.sing the knowledge he ac(|uires is 
another matter, however. 

Programed texts can also be used to supplement the curric- 
ulum. By using a programed text, an able student might be able 
to complete a course in analytic geometry or even a course in 
calculus with a minimum of direction by the teacher. In a small 
high school where a four-year program in mathematics is not 
pc ssibie bccau.se of the small number of students who might take 
the tin'rd and fourth years, programed texts can be used to enable 
the few .students who wish to take the third and fourth courses 
to do so. Of course, the .same comment can be made for the con- 
venti(mal textbook. However, it is probably the ca.se that a stu- 
dent who attempts to study trigonometr\ , advanced alg(*bra, or 
elementary functions independently by using a conventional text 
would require more assistance from a teacher than a student who 
would attempt these c()ur.s(\s by mean.«*^)f programed texts. On 
the other hand, students who complete such courses probal)ly 
will not be so adept at solving problems as students who com- 
plete conventional courses: typically, programed texts do not 
stre.ss problem .solving. 

Another claim for programed text materials is that their use 
increases the (efficiency of instruction. One study has shown that 
students can learn the same amount of knowledge taught in tht 
conventional way with a savings of time up to 30 percent when 
programed text materials are used. Moreover, the individualiza- 
ti(;n which is pennitted by programed text, so it is claimed, en- 
ables the teacher to make better n.se of his time in working with 
individual .students than in the conventional way classes in 
mathematics are taught. 
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Wc now turn to disndvanlages of programed texts. One dis- 
advantage is thdr high expense. Such expense is justified beeause 
of the vast number of hours required to write the program 
and to try it out and revise it. There is the (hmger that once a 
board of echication has invested ;i sizable amount of money in 
programed text materials, there may be considerable reluctance 
to abandon their use. The board may feel that it must use them 
for a long peripd of time to get its money's* wortli out of them. 
A reluctance to change texts may result in an inflexible curric- 
ulum which doas Jiot keep abreast of current changes. 

Programed texts pose somewhat of a problem for poor readers 
because greater reliance is placed on obtaining meaning from the 
printed word. In the conventional style of teaching, nnich under- 
standing can be o1)tained by listening to the teacher's oral pres- 
entation. For students who enjoy discussion — the give and take 
of differing opinions— programed texts can be stifling. 

As a further negative aspect, the sheer logistics of haxidb'ng 
vast amounts text materials is sobering. For example, - the 
SMSG ninth-gr. bra course in Crowder reqmres 2,357 
pages organized in six volumes. Storing such quantities of texts, 
passing them out at the beginning of an instruction period, and 
collecting them at the (nid, when it is unlikely that many students 
are at the same point in the course or even in the same .course, is 
a bit ovorwhehning. Sh on 1(1 the time come when every teacher 
has the services of teacher aides, much of this kind of nonprofes- 
sional work can be transferred to such individuals. However, 
until that day arrives, one wonders whether teachers will most 
profitably s^xmuI their time keeping records and moving instruc- 
tional materials about. 

In conclusion, one is tempted to conjecture that the solution is 
not to abandon the conventional textbook, but rather to show the 
teacher how to use it effectively and also to teach the student 
to use it effectively. Research toward this objective is conspicuous 
by its absence. 

COMPUTER-BASED INSTRUCTION 

Teaching which is performed .md monitored by a computer, 
usually referred to as computer-based instruction, is an off.shoot 
of programed instruction. In a typical design, the student eom- 
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inunicates with the* computer by means of an electric typewriter, 
i\nd the computer, in turn, connnunicates with the student by 
means of a catliode ray tube sinnlar to the viewing screen of a 
television set. The student types information or directions on the 
electric tN'pewriter. The computer is programed to process and 
interpret-this information or directions and respond by sentences, 
words, or other symbols which appear on the viewing screen 
before the student. 

Findings of Studies 

As in the case of studies of programed texts, studies of com- 
puter-based leaching indicate that many students learn as well by 
this mode of instruction as by C(mventional classroom instruction, 
Xforcover, the efficiency of instruction, that is, the amotmt of 
learning in a given period of time, seems to be about the same. 
As might be e.vpected, students enjoy the variation in style of 
teaching that occasional use of computer-based instruction pro- 
vides. But they tire of it if it is used exclusively and long for^the 
di.scussion that often characterizes group instruction. 

How well students will improve in the higher mental processes, 
e.g., reasoning, valuing, and solving problems, as the result of 
computcr-based instruction is as open to question as in the ease 
of programed texts. But the theoretical possibilities for improv- 
ing these mer.'tal processes is great, and it should surprise few 
people if before long we find that computers and programs are 
developed which do this very thing. 

Of great value in computer-based instruction is the feedback 
about student responses and progress which arc provided the 
teacher. Of course, in conventional group instruction feedback is 
also present, but it cannot be so comprehensive, systematic, and 
easily recorded. Hence it is not of such value for adapting the 
teaching to each student. Studies repeatedly make mention of 
bow this information is used to alter sequences of items, phras- 
ing of items, response time, the number of errors on a particular 
item, and the modification of remediation loops. 

Finally, the expense of computer-based instruction is con- 
timially being reduced. More sophisticated computers are being 
developed which will s(Tvice more students studying different 
courses at different points in the course. These will reduce the 
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cost per student hour. One prediction is that hy 1975 the cost will 
he 10 cents per student honr which will approach the cost of con- 
ventional group instruction. The future for coniputer-hnsed in- 
struc;tion is hoth proiuisinu and excitin*^. 

THE CULTURALLY DISADVANTAGED 

We now turn to a special group of learners to whom attention 
increasingly is heing paid. The terms culiurolltj disadvantaged 
student and adturally deprived student are u.sed to denote stu- 
dents in economically and culturally impoxerished areas of large 
cities and certain geographical areas. There is more concern for 
the educational welfare of the children in these areas than there 
is knowledge about how to teach and eontrol them. This is be- 
cause until only recently, when the concern has manifested it.self 
in the availability of federal funds to support research, there has 
been little systematic research done on teaching these children. 
Gordon (8, pp. -121-22) points out that "the literature is replete 
with discussions ()f what a teacher should be and do. but very 
few of the suggestions or conclusions are supported by re.scarcii 
evidence/* In spite of this conclusion, .with which anyone who 
reiuls the Jiterature will concur, the .suggestions represent con- 
jectures which a teacher can try. 

As far as he subject matter of matlieniatics is concerned, cer- 
tainly priority should be given to the mathematics the ctti/en 
needs to know to count, estimate, measure, compare, and com- 
pute—the aritbnu^tic of the normal elementary grades. Whether 
this is taught to 6- to 12-year-olds or to 15- to IS-year-olds .should 
not be crucial wIkmi^ucIi knowledge is .so important. The .social 
utility of the knowledge and skills probably will be given more 
weight than its acadenn'e utility— u.sefuhiess in portraying niathe- 
matical .structure. Certainly the j)rinciple of ixNuliness mu.st be 
used. 

The^ context in which mathematics is taught appears to be 
particularly crucial for the culturally disadvantaged, since thev 
do not handle abstractions easily. Fann'liar and concrete situa- 
tions, e.g.. buying in a store, gambling, r.tcinj^ pigeons, sports, 
and music, have been u.sed with some success. It is dilficnU to 
place mathematics teaching in meaningful contexts. Perhaps 
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getting the stiule'.its to tell what they do will ie\'e:il sonir con- 
texts which a teacher can utilize. 

HeportedK', role-playing h:i.s been used with success, e.g,, "Pre- 
tend yon dopit understand how to do the problem. What 
questions would you ask?" It gets the students to talk rather than 
listen to the teacher talk. Also, when a stodent is playing a role, 
be is somewhat freed from his normal insecurity and defensive- 
ness and is more disposed to attempt prol)lenis and tasks which 
fear of failure would load him not to attempt. 

CONCLUSION 

In the final analysis, the justification oLjcesearch is the osicwi to 
W'liicli it enables i>ractitioner.s-to make wi.se choices. The con- 
clusions based on .some of the research in the teaching of nialhe- 
inatics which have been stated above may .serve the classroom 
teacher to this end. But the teacher shoukl not ignore the possi- 
bility of informal research he may do on his own-alid in his own 
situation. In fact, such research may be of nvjre value to the 
teacher just becan.se it is restricted to the conte.vt in which he 
operates and focuses on the very problems he faces. There cer- 
tainly is a place for such research: it should be' both encouraged 
and fostered. 
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